STATISTICS ON ORDERED PARTITIONS OF SETS AND g-STIRLING 

NUMBERS 
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Abstract. An ordered partition of [n] := {1, 2, . . . , n} is a sequence of its disjoint sub- 
sets whose union is [n]. The munber of ordered partitions of [n] with k blocks is k\S{n, k), 
where S{n, k) is the Stirling number of second kind. In this paper we prove some re- 
finements of this formula by showing that the generating function of some statistics on 
the set of ordered partitions of [n] with k blocks is a natural g-analogue of k\S{n, k). In 
particular, we prove several conjectures of Steingn'msson. To this end, we construct a 
mapping from ordered partitions to walks in some digraphs and then, thanks to transfer- 
matrix method, we determine the corresponding generating functions by determinantal 
computations. 
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1. Introduction 

An (unordered) set partition of [n] = {1, 2, . . . , n} is a collection of its disjoint subsets, 
called blocks, whose union is [n]. By convention, the standard notation of a partition of 
[n] is ttq = -Bi — i?2 — ■ ■ ■ — -Bfc, where the blocks Bi are arranged in increasing order of their 
minimal elements and in each block Bi the elements are arranged in increasing order. Let 
|7r| = if TT is a partition of [n]. Let be the set of partitions of [n]. 
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An ordered partition vr of [n] with k blocks is a rearrangement of blocks of a partition 
in Vn- Namely vr = -Bcr(i) — -So-(2) — ■ ■ ■ — -Bo-{A;), where cr is a permutation of [k]. We will 
say that a is the permutation induced by vr and set a = perm(7r). 

Let OV^ be the set of ordered partitions of [n] into k blocks, OVn = Ufc>i be 
the set of all ordered partitions of [n], and OV^ = IJn>i be the set of all ordered 
partitions into k blocks. Clearly we have \OVn\ = J2k=ok\S{n, k), where S{n,k) is the 
Stirling number of second kind and it is not hard to derive the following exponential 
generating function : 



n>0 



I Z 
n\ 



1 



J2 ~3 ^4 



Define the p, g-integer [n]p^q = ^ p_'^q 
the p, g-binomial coefficients 



the p, g-factorial [n] 



[n]p^g and 



\n 



p,q- 



-I p,q 



[k]pj[n - k] 



n> k>0. 



If p = 1, we shall write [n]g, [n\g\ and [^]^ for [n\i^q, [n]i^g\ and [^^^ respectively. 

The following g-analogues of Eulerian numbers and Stirling numbers of the second kind 
were first introduced by Carhtz [H |2] . 

The g- Eulerian numbers (^) (n > /c > 0) are defined by 



k\ 



n — 1 
k-1 



[k + 1], 



n — 1 
k 



The first values of the g- Eulerian numbers (^) (n > A; > 0) read 



n\k 





1 


2 


3 


1 


1 








2 


1 


q 






3 


1 


2q + 2g2 


q3 




4 


1 


3g + + 3^^ 4 


-5g^ 


+ 3g5 q^. 




n) 


be a permutation of 




the integer z 



a descent of a if > a{i + 1). The major index of a, noted ma j cr, is the sum of 
its descents, i.e., maj cr = ^^i, where the summation is over all descents i of cr. Then 
Carlitz [2^ gave the following combinatorial interpretation of g-Eulerian numbers: 



E 



„ma] cr 



where the summation is over all permutations of [n] with k descents. 
The g-Stirling numbers Sq{n, k) of the second kind are defined by: 



Sq{n, k) 



q^'^Sq{n - 1, A; - 1) + [k]qSq{n - 1, k) {n>k> 0), 



where Sq{n, k) = Snk n = or k = 0. The first values of the g-Stirhng numbers Sq{n, k) 
read 



n\k 


1 


2 


3 4 


1 


1 






2 


1 


q 




3 


1 


l + q + q^ 




4 


1 


1 + 3g + 2g2 + 


q^ + 2g^ + 2q'^ + 



There has been a considerable amount of recent interest in properties and combinatorial 
interpretations of the g-Eulerian numbers and g-Stirling numbers and related numbers (see 

e.g. m 1213 0111013 GDI HI 113 113 dlini). 

The following identity was derived in |17j : 

k 

[A:],!5,(n,A;) = ^g'=(^-'") 

m=l 

In the aim to give a combinatorial proof of (jl.2j) . Steingrimsson ^B] introduced the fol- 
lowing 

Definition 1.1. A statistic Stat on OV\ is called Euler-Mahonian if its generating func- 
tion is equal to [k]g\Sg{n, k) , i.e., 

J2 q''^''' = [k],\S,{n,k). 

Steingrimsson has found a few of Euler-Mahonian statistics and conjectured more 
such statistics on ordered partitions. From a different point view, Wachs [7| has also 
obtained some Euler-Mahonian statistics on ordered partitions. Although Zeng [18. has 
showed that much more such statistics can be derived from some classical bijections 
between ordered partitions and weighted Motzkin paths, it is not clear how to encode the 
conjectured statistics of Steingrimsson by the statistics obtained by this method. 

It is the purpose of this paper to propose a new approach to attack such kind of problem. 
We shall construct a bijection ip between ordered partitions and some walks in some 
digraphs (see section 3). This bijection keeps track of several statistics of Steingrimsson. 
Then, by transfer-matrix method, we evaluate the generating functions of these statistics 
on ordered partitions and prove that they are indeed Euler-Mahonian. 

2. Definitions and main results 

2.1. Definitions. Let n = Bi — B2 — ■ ■ ■ — he a partition in OV^. The opener of a 
block in vr is its least element and the closer is its greatest element. The sets of openers 
and closers of vr are denoted by open(7r) and clos(7r), respectively. We define a partial 
order on blocks B[s as follows : Bi > Bj if all the letters of Bi are greater than those of 
Bj] in other words, if the opener of Bi is greater than the closer of Bj. We say that i is 
a block descent in n if Bi > -Bj+i. The block major index of vr, denoted bmaj(7r), is the 
sum of the block descents in vr. A block excedance (resp. block inversion) in vr is a pair 
(i^i) such that i < j and B^ < Bj (resp. Bi > Bj). We denote by bExcvr (resp. blnvvr) 
the number of block excedances (resp. block inversions) in vr. Let block(i) be the index 
of the block (counting from the left) containing i, namely the integer j such that i & Bj. 
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n — m 
n — k 



n 

,m — 1 , 

n \ In 



;i.2) 



Following Steingrimsson for 1 < i < k we define ten coordinate statistics on 
TT G OP^ : 



roSi(7r) 


= #{j e open(7r) 


1 i > i, block(i) > blockfi)}, 


robifvr) 


= #1? G openfvr' 


1 i < i, blockfi) > blockfi)}, 


rcsi(7r) 


= #{j G clos(7r) 


i > j, block(j) > block(i)}, 


rcbi(7r) 


= #{j G clos(7r) 


i < j, block(j) > block(i)}, 


loSi(7r) 


= #{j e open(7r) 


i > j, block(j) < block(i)}, 


lobi(7r) 


= #{j e open(7r) 


i < j, block(j) < block(i)}, 


lcsi(7r) 


= #{j G clos(7r) 


i > j, block(j) < block(i)}, 


lcbi(7r) 


= #{j G clos(7r) 


i < j, block(j) < block(i)}, 



and let rsbi(7r) (resp. lsbi(7r)) be the number of blocks B in vr to the right (resp. left) of 
the block containing i such that the opener of B is smaller than i and the closer of B is 
greater than i. Then define ros, rob, res, rcb, lob, los, Ics, Icb, Isb and rsb as the sum 
of their coordinate statistics, e.g. 

ros = roSi. 

i 

For any set of nonnegative integers A and a composed statistic Stat on ordered partitions, 
we define stat{A) as the sum of the coordinate statistics in A, i.e., 

stat(yl) := statj. 

Now, for any mapping / from OV'^ to the set of subsets of [n], we define stat{f) by 
stat{f){n) := stat{f{n)). 

For a permutation a of [n], the pair (i,j) is an inversion iil<i<j<n and 
a{i) > <j[j). Let inv cr be the number of inversions in a and 



cinvo" = 




— inv cr. 



By convention, for a partition tt, we put inv vr = inv(perm(7r)) and cinv tt = cinv(perm(7r)). 
Note that = {-k e OV^ \ inv vr = 0} and binv vr = for each -k eV^. 

Given an ordered partition vr, let vr^' be the ordered partition obtained from tt by 
reversing the order of the blocks. This turns a left (resp. right) opener into a right 
(resp. left) opener, and likewise for the closers. Moreover, let vr'^ be the ordered partition 
obtained by complementing each of the letters in vr, that is , by replacing the letter i by 
n + l — i. Then, it is easy to see that rob(7r'^) = rcs(7r) and ros(7r'^) = rcb(7r), and likewise 
for the left and closer statistics. Thus the eight statistics obtained by independently 
varying left /right, opener /closer and smaller /bigger fall into only two categories when 
it comes to their distribution on ordered partitions. One of these categories consists of 
rob, lob, res and Ics, and the other contains ros, los, rcb and Icb. Note that these results 
are completely false on the unordered set partitions. 
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For instance, we give the values of the coordinate statistics computed on the partition 
7r = 6 8 - 5 - 1 4 7- 3 9- 2 : 



TT = 


d Q 

o 


rr 

— 


— 14/ 


— 39 — 


2 


loSi : 


U U 


— U 


n n o 
— U U 2 


— 13 — 


1 


roSi : 


A A 

4 4 


o 

— O 


n o o 
— U 2 2 


— 1 1 — 





lobi : 





— 1 


— 2 2 


- 2 - 


3 


robi : 





- 


- 200 


- 00 - 





IcSi : 





- 


- 1 


- 03 - 





rcSi : 


2 3 


- 1 


- Oil 


- 1 1 - 





Icbi : 





- 1 


- 2 2 1 


- 30 - 


4 


rcbi : 


2 1 


- 2 


- 2 11 


- 00 - 





Isbi : 





- 


- 1 


- 1 - 


1 


rsbi : 


2 1 


- 2 


- 1 1 


- 00 - 






Note that there are four block inversions: {6,8} > {5}, {6,8} > {2}, {5} > {2} and 
{3,9} > {2}, and two block descents at i = 1 and 4; thus binvvr = 4 and bmaj vr = 

I + 4 = 5. Note also that bExcvr = 0. Moreover, perm(7r) = 54132 and thus inv(7r) = 8 
and cinv(7r) = (^) - 8 = 2. 

Inspired by a statistic mak due to Foata & Zeilberger |^ on the permutations, Ste- 
ingrimsson introduced its analogous on OP^ as follows: 

mak = ros + Ics, 

Imak = n(k — 1) — [los + res], 

mak' = lob + rcb, 

Imak' = n(k — 1) — [Icb + rob]. 

The following result was first noticed by Ksavrelof and Zeng in jH]. For completeness, we 
include a more straightforward proof. 

Proposition 2.1. For any tt G OV^ we have 

mak = Imak' and mak' = Imak. 

Proof. For vr = Si - i?2 -B^ G CPjj and i G [n] we have 

(losi + lobi + roSi + robi)7r = (IcSi + Icbi + rcSi + rcbi)7r = k — 1. 

II follows that 

los + lob + ros + rob = Ics + Icb + res + rcb = n(k — 1). 
The Proposition is then equivalent to 

lob + los = Icb + Ics, 

which is obvious. □ 

In view of the above proposition the conjectures in [T^ are reduced to the following 
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Conjecture 2.2 (Steingrimsson). The following statistics are Euler-Mahonian on OV : 
mak + bInv, Imak + bInv, mak + bMaj, Imak + bMaj, 
cinvLSB := Isb + cblnv + and cmajLSB := Isb + cbMaj + 

where cblnv = — bInv and cbMaj = Q) ~ bMaj. In other words, the generating 
functions of the above statistics over OV^ o-f^ equal to [k]q\Sq{n,k). 




Let TT be a partition of [n]. A singleton is the element of a block which has only one 
element. Now, consider a block 5 of a partition tt whose cardinal is > 2. An element of 
S is a strict opener (resp. strict closer) if it is the least (resp. greatest) element of 
and a transient if it is neither the least nor greatest element of B. 

The sets of strict openers, strict closers, singletons and transients of tt will be denoted 
by 0(7r), C(7r), 5(7r) andT(7r), respectively. The 4-tuple A(7r) = {0{'k),T{'k),S{ti),C{tt)) 
is called the type of tt. For instance, for the partition 7r = 35 — 246 — 1 — 78, wc get 

C»(7r)={2,3,7}, C(7r) = {5,6,8}, 5(7r) = {1} and r(7r) = {4}. 

Clearly we have open — OliS and clos = C U <S therefore we get 

bInv = rcs((9 U iS) and inv = ros((9 U 5), 
bExc = lcs(C> U S) and cinv = los(C> U 5) . 



2.2. Main results. Consider the following two generating functions of ordered partitions 
with /c > blocks: 

(t>k{a]X,y,t,u):^ ^ ^(mak+blnv)7r ^dnvLSB^ ^iw ,r ^cinv7rj,r|^ (2.1) 
ipk{a]Z,t,u):^ ^(lmak+bInv)7r^inv,r^cinv,r^M_ (2.2) 

The following is the main result of this paper. 
Theorem 2.3. We have 

(Pkia; X, y, t, u) -izp^— rr^, (2.3) 

^,(a;.,t,^)= (2-4) 

The proof of this theorem will occupy the whole Section 3. We first derive some results 
on Euler-Mahonian statistics on ordered partitions. 
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By definition, the combinatorial interpretations of tlie following specializations of (pk 
and ifk are obvious: 



^(mak+blnv-inv+cinv)^ ^|7r| _ ^/^^ 

E (cinvLSB+inv-cinv)7r IttI _ i /„. 1 n n A I r,\ 
Q ' a' ' - (pk[a, i, q, q, i/q), 

^ ^(lmak+blnv-inv+cinv)7r ^ ^/^^ 



Applying Theorem 12.31 we see that the right-hand sides of the above six identities are all 
equal to 



i''q(')[k]g\ 



11^=1(1 n>k 

where the last equality follows directly from (jl.ll) . Thus we have proved 

Theorem 2.4. The following six inversion-like statistics are Euler-Mahonian on OV : 

mak + binv, mak + blnv — (inv — cinv) , 
Imak + blnv, Imak + blnv + (inv —cinv) , 
cinvLSB, cinvLSB + (inv —cinv) . 

2.3. Consequence on partitions. Since a partition is an ordered partition without 
inversion, so we can derive the following "hard" combinatorial interpretations for g-Stirling 
numbers by putting t = and extracting the coefficient of a" in Theorem 12.31 

TTG-P* vrS-P* TT&V^ 



The first two interpretations were proved by Ksavrelof and Zeng 0. The third interpre- 
tation was first proved by Stanton (see [HI). 
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Note that by definition k{l — fc) + cinvLSB = Isb — binv, then by noticing that the two 
statistics inv and bInv vanish on (unordered) partitions, we get that 

^g©+i«b-aW=g©</>,(a;l,g,0,l), 

Now, applying Theorem 12.31 we see that the right-hand-sides of the above three identities 
are equal to ^„>fc Sg{n, k) a"' in view of ()2.5|) . 

3. Proof of Theorem 2.3 

3.1. Ordered partitions and walks in digraphs. Let n = Bi — B2 — ■ ■ ■ — he a 

partition of [n] and i an integer in [n]. The restriction Bj{< i) := Bj fl [i] of the block Bj 
is said to be opened if 5 ^ [i] and B n[i] 0, closed if S C [i], and empty if S fl [i] = 0. 
The z-th trace of tt, Tj(7r), is defined by 

Tiin) = 5i(< i) - B2i< t) Bki< i), 

where the empty restrictions are not written. The sequence (Tj(7r))i<j<„ is called the 
trace of the partition tt. We denote by opj vr and clj tt the numbers of opened blocks 
and closed blocks, respectively, in Tj(7r) and set J-'i{n) = (clj vr, opj vr) for 1 < i < n with 
J-'o{7i) = (0,0). The sequence (^i(vr))o<j<„ is called the form of the partition tt. 

For instance, if tt = {6} - {3, 5, 7} - {1,4, 10} - {9} - {2, 8}, then TQ{7r) = {6} - {3, 5, • • • } - 
{1, 4, • • • } — {2, • • • }, where each opened block has an ellipsis, and we get J^ei-rr) = (1, 3). 



Remark 3.1. Given the form of a partition, it is easy to deduce its type, and reversely. 
Indeed, let i G [n] and suppose that jFj_i(7r) = {k,l), then 



{k,l + l), z/2GO(7r); 

(A; + l,/), zfteSin); 

{k,l), z/^GT(7r); 

(A; + l,/-l), ifieCin). 



Note that if / = 0, then i can be neither a strict closer nor a transient {1 = means 
that all the blocks in Tj_i vr are closed). 

For any integer A; > 0, let Dk be the digraph with vertex set Vk = G N^| i+j < k}, 

and there is an edge in Dk from {i,j) to {i',j') if and only if {i',j') = {i,j) with j > or 
(^'; j') ^ {{hj + 1); + 1) i); + 1; J ~ !)}• ^ is obvious that the number of vertices of 
Dk is equal to 

, (k + l)(k + 2) 
:= 1 + 2 + ■ ■ ■ + (A; + 1) = ^ ■ 

Let fl, ■ ■ ■ , f ^ be the vertices of Dk arranged according to the following order: {i,j) < 
{i',j') if and only if i + j < z' + j' or {i + j = i' + j' and j > f). For instance, we get 



V, = (0,0), ^2 = (0,1), vs = (1,0), = (0,2), V, = (1,1), ve = (2,0), ■ ■ ■ ,v-^ = (A;,0). 
An illustration of Dk is given in Figure 2. 




12 3 fc-1 k 



Figure 1. The digraph Dk 

A path of length n in is a finite sequence (sq, Si, . . . , s„) of points in Vk such that 
{si, Sj+i) is an edge for i = 0, . . . , n — 1. The step {si, Sj+i) is called North (resp. East, 
South-East and iVn//) if Sj+i = (xj, + 1) (resp. Sj+i = (a;j + 1, yj), Sj+i = {xi + l,yi — 1) 
and Sj+i = Si). The number and i/i are respectively the abscissa and the height of the 

step (Si, Si+i). 

Definition 3.2. A path in Dk from Vi = (0, 0) to v-^ = {k, 0) is called a path of depth 
k. Let he the set of paths of depth k and length n and fl'' = Un>o^n of all 

paths of depth k. 

The following result just follows from the definition of paths. 

Proposition 3.3. For n > k > Q, the forms of partitions in OV^ are exactly the paths 
in n'^. 

We can visualize a path by drawing a segment from Sj_i to Si in the x-y plan. For 
instance, the path 

CO = ((0, 0), (0, 1), (0, 2), (0, 3), (0, 3), (0, 3), (1, 3), (2, 2), (3, 1), (4, 1), (5, 0)) 

is illustrated in Figure 2. 

By definition, an ordered partition on [i] with two kinds of blocks, opened or closed, 
is called a trace on [i]. Let Tj-i be a trace on [i — 1] and suppose that jr(Tj_i) = {k,l), 
with k,l > 0. There are several possibilities to insert the element i in Tj_i according to 
the nature of i. The clement i could be : 

(a) a strict closer (resp. a transient): there arepj = / possibilities to close with i (resp. 
insert i in) one of the I opened blocks of 
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Figure 2. A path in n^Q, where 2 means two successive Null steps at (0, 3). 

(b) a singleton (resp. a strict opener): there are Pi = k + I + 1 possibilities to insert 
the singleton {i} (resp. open a block with i) in Tj_i (before all the blocks, between 
two blocks, or after all the blocks). 

We observe that ii I — 0, then in case (a), there are none possibility to add i {pi — 0), 

which is natural because all the blocks in Tj_i are closed. 

Remark 3.4. The number of ways pi to add the element i, according to its "nature", in 
a trace Tj_i on [i — 1], depends only on jF(Tj_i). If (Ti^i) = {k,l), then pi = I (resp. 
Pi = k + I + 1) if we want insert i as a transient or a strict closer (resp. a strict opener 
or a singleton). 

We assume the possibilities to add an element (according its nature) in a trace are 
arranged from left to right. Namely, if we insert a singleton or open a block (resp. insert 
a transient or close a block), the spaces (resp. opened blocks) which correspond to the 
possibilities are arranged from left to right. 

For instance, Tq = {6} — {3, 5, • • • } — {1, 4, • • • } — {2, • • • } is a trace on [6], then 
{Te) = {l,3) and there are: 

(i) 5 possibihties to open a block or insert a singleton in Tq. 

T5= ^ {6} ^ {3,5,---} ^ {1,4,..-} ^ {2,.-.} ^ 

choice 1 2 3 4 5 

(ii) 3 possibihties to close a block or add a transient in Tq. Namely, 

Tq^ {6} {3,5---} {1,4,---} {2,-.-} 

T T T 

choice 12 3 

Definition 3.5. A path diagram of depth k and length n is a pair (a;, where lu is a path 
of depth k and length n and ^ = (Cj)i<i<n is a sequence of integers such that 1 < < q 
if the i-th step of uj is Null or South-East of height q, and l<^i<p + Q' + l«/ the i-th 
step of UJ is North or East of abscissa p and height q. 

Denote by the set of path diagrams of depth k and length n and by A*^ = Un>o 
the set of path diagrams of depth k. 

The mapping tp: Let n > k > 1. Given a path diagram h = {uj, ^) e A^, we associate 
a partition ■0(/i) e OV^ by constructing successively its traces Tj for 1 < i < n as follows: 
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(1) Set To = 0. 

(2) For 1 < i < n, we construct Tj from Tj_i by the following process. Suppose that 
Si-i = (p, q) and the i-th step of is : 

(i) North (resp. East), then we open a block with i (resp. insert the singleton 
{i}) in Tj_i according to the choice ^j. 

(ii) South-East (resp. Null), then we close with i (resp. insert i as a transient in 
) an opened block of Tj„i according to the choice ^j. 

(3) Set ^{h) = T„ 

For instance, ii h = (u,^) where u is the path of Figure 1 and ^ = (1, 2, 1, 2, 1, 1, 1, 2, 4, 1), 
then the step by step construction of ip{h) goes as follows: 









Ti 






1 


North 


1 


{1,.. 


•} 




2 


North 


2 


{1,.. 


.}-{2,... 


} 


3 


North 


1 


{3,-- 




}-{2,---} 


4 


Null 


2 


{3,-- 


•}-{l,4,- 


■■}-{2,--} 


5 


Null 


1 


{3,5, 


■••}-{l,4,...}-{2,...} 


6 


East 


1 


{6}- 


{3,5,- ■■} 


-{l,4,...}-{2,...} 


7 


South-East 


1 


{6}- 


{3,5,7}- 


{l,4,...}-{2,...} 


8 


South-East 


2 


{6}- 


{3,5,7}- 


{l,4,...}-{2,8} 


9 


East 


4 


{6}- 


{3,5,7}- 


{l,4,..}-{9}-{2,8} 


10 


South-East 


1 


{6}- 


{3,5,7}- 


{1,4, 10} -{9} -{2, 8}. 



Thus ^{h) = {6} - {3, 5, 7} - {1, 4, 10} - {9} - {2, 8}. 

Theorem 3.6. For each n > k > 1, the mapping ip : h = (tu,^) i— > vr zs a bijection from 
to OVl such that: 

if the i-th step of uj is North or East of abscissa p and height q, then z G (O U S){'k) and 

(lcs + rcs)i(7r) = p, (Isb + rsb)i(7r) = q, loSi(7r) = — 1 and roSi(7r) = p + q+ 1 — 

if the i-th step of uo is South-East or Null of abscissa p and height q, then i E {T VJ C){tx) 
and 

(Ics + rcs)i(7r) = p, (Isb + rsb)i(7r) = q — 1, lsbi(7r) = — 1 and rsbi(7r) = q — ^i. 

Proof. By Remark 13.41 and Proposition 13.31 it is easy to see that the above algorithm is 
well defined. Suppose we are constructing the ordered partition vr and we arrive at the 
i-th step of the construction. The i-th step of w is a step with initial vertex (p, g). At 
this step of the construction, there are exactly p + q blocks in Tj_i, whose p (resp. q) are 
closed (resp. opened), and all the elements in Tj_i are strictly inferior than i. Suppose 
that the i-th. step of w is a step of type: 
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(i) North or East : then 1 <aj < p + q+1 and by remark ITU the element i will be a 
strict opener or a singleton of the partition vr. It's clear that (Ics + rcs)i (vr) (resp. 
(Isb + rsb)i (vr)) is equal to the number of closed (resp. opened) blocks in Tj_i (vr). 
Thus, (Ics + rcs)i (vr) = p and (Isb + rsb)i (vr) = q. 

Because all the blocks in Tj_i have opener smaller than i, then losi vr (resp. rosi vr) 
is just the number of blocks in Tj(7r) on the left (resp. right) of the block which 
contains i. Thus, because we open a block with the element i or add the singleton 
{i} between the (^j — l)-th and (Ci)-th blocks of Tj_i, we get (losi, roSi)(7r) = 

(6-l,P + q+l-6) • 

(ii) South-East or Null : then 1 < ai < q, and by remark 13.11 the element i will be 
a transient or a strict closer of the partition tt. By the same arguments as case 
(z), we get (Ics + rcs)i (vr) = p. Remark (Isb + rsb)i (vr) is equal to the number of 
opened blocks in Tj (vr) which don't contain the element i, thus because we insert 
i in one of the opened block in Tj_i, we get (Isb + rsb)i (tt) = q — 1. Moreover, 
Isbi (tt) (resp. rsbj (vr)) is equal to the number of opened blocks in Tj(7r) on the 
left (resp. on the right) of the block which contains i. Because we insert i in the 
^j-th opened block in Tj_i(7r), we get (Isbi, rsbi)(7r) = (6 ~ 6)- 

□ 

3.2. Generating functions of walks. For < A; < n, let t = (^1,^2,^3,^4,^5,^65^7) and 

^ /,N ,(lcs+rcs)(C'U5)7r ,(lcs+rcs)(TUC)7r ,rsb(ruC)7r /o i \ 

Vn.fcltj : = ti 12 



,\sb(T UC)7r ,ros(C'U<S)7r ,\os{OyjS)-K , (lsb+rsb)(C'US)7r 
X tg tg tj 



Given a path uj, define the weight v(co') of uj to be the product of the weights of all its 
steps, where the weight of a step of abscissa i and height j is: 

/X _ r t\ tj [i + i + I]t5,t6 if the step is North or East; ,^ 
\ t\ [j]tiM if tf^^ st^P is ^^ii South-East. 

It follows easily from Theorem 13.61 that 

^ v(a;) = (5„,fe(t) . 

Denote by Itul the length of the path oj. Then, using the above identity, we get 

Quia- 1) := Qn,k{^) = 5Z v(t/7) al-l . (3.3) 

n>0 weQ.'' 

The adjacency matrix of relative to the valuation v is the k x k matrix defined 

by 

. ,. .N _ / '^{vi,Vj) if {vi,Vj) is an edge of Dk] 
^k[t,J) - <^ Q otherwise. 

Applying transfer-matrix method (see e.g. Theorem 4.7.2]), we derive 

O . (-l)^^^det(/-aA,;fc,l) 

det(/ - aA,) ' ^^-^^ 
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Vie) 



where (S; i, j) denotes the matrix obtained by removing the i-th row and j'-th column of 
B and / is the k x k identity matrix. 

In order to prove Theorem 12.31 we need to evaluate ()3.4j) in the following special cases: 

/fc(a; X, y, t, u) = Qk{a; x, x, x, y, t, u, y), (3.5) 
gk{a; z, t, u) = Qk{a] 1, z, 1, z, t, u, 1). (3.6) 

Let A'f, and A'l be the adjacency matrix of Dk relative to the weight function v' and v" 
obtained from the weight function v by making the substitution ()3.5|) and ()3.6|) . respec- 
tively. Namely, the weights v'(e) and v"(e) of an edge e = ((i, j), of with initial 
vertex are : 

- / y' + ^]t,u if (^', j') = (^, J + 1) or (t + 1, j) ; 

^ ^ I a;* if (^', j') = {^,J) or (z + 1, j - 1), 

and 

+ l]t,u if («',j') = (^,J + 1) or {i + ; 
Aj]z if (^', j') = j) or {i + 1, j - 1). 

Now, for each A; > let 

Mk = I - aA'^ and Nk = I - aA'^. 
Then by (Q, (jHSI) and dHS)) we have 

, ^ (-l)^+^det(M,;fc,l) 
/.(a; x, t, u) = , (3.7) 

(-l)^+^det(iV,;fc,l) 
,,(a;.,t,u) = (3.8) 

for each k > 1. 

Since M„ and are upper triangular matrices it is easy to see that for each n > 1 

n m 

det M„ = JJ JJ(1 - ax'[m - t],^y), (3.9) 

m=l i=0 
n n—m 

det = n n (1 - az'[m]g). (3.10) 

m=l fc=0 

The evaluation of det(M„;n, 1) and det(A''„;H, 1) is not simple(see last section). 
Theorem 3.7. Let n > 1 be a positive integer. Then 

n—l m 

det(M„; n, 1) = (-l)©a"x© [n]t,J J] J](l - ax^[m - i + 1],J, (3.11) 

m=l i=l 

Theorem 3.8. Let n > 1 be a positive integer. Then 

n—l n—m 

det(iV„; n, 1) = (-l)0a" [n]i,J H " (3-12) 



m=l k=l 



It is now trivial to obtain the following result. 
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Corollary 3.9. For k >0, we have 



/fc(a; X, y, t, u) = f- — -, (3.13) 

gk(a;z,t,u) = , ^ . (3.14) 

To see the relation between fk and (pk, Qk and (^k we need to establish the following 
Lemma 3.10. The following functional identities hold on OV^: 
mak + blnv = (Ics + res) + rsb(T U C) + inv, 
Imak + blnv = n{k — 1) — (Ics + rcs)(T U C) — lsb(T U C) — cinv, 
cinvLSB = (Isb + rsb)(C U 5) + lsb(T U C) + inv +2 cinv. 

Proof. By definition we have 

mak + blnv = Ics + ros + rcs((9 U S) 

= (Ics + res) + ros + (rcs((9 U 5) — res) 

= (Ics + res) + ros — rcs(T U C) 

= (Ics + res) + (ros - res) (T U C) + ros(0 U S) 

= (Ics + res) + rsb(T U C) + ros(0 U S). 

Also 

n{k — 1) — (Imak + blnv) = (los + res) — rcs((9 U S) = los + rcs(T U C) 

= los(0 US)+ rcs(r U C) + los(r U C) 
= cinv + (Ics + rcs)(T U C) + (los - lcs)(T U C) 
= cinv + (Ics + rcs)(T U C) + lsb(T U C), 

and 

cinvLSB = k{k — 1) + Isb — blnv 

= 2(inv +cinv) + Isb - rcs(0 U S) 
= 2 (inv +cinv) + (Isb + rsb)(C U S) 

- (res + rsb)(0 U S) + lsh{T U C) 
= 2(inv +cinv) + (Isb + rsb)(C US)- ros(C U S) + hh{T U C) 
= (Isb + rsb)(C US)+ lsb(r U C) + inv +2 cinv. 
The proof is thus completed. □ 
Now, we derive from ()3.5|) and ()3.6|) that 

fk{a'X y t u) = ^ ^(\cs+rcs+rsh{TVJC))TTy{{\sh+Tsh)(0\JS)+\sh{T(JC))TT^^^^ 



k 



gk{a;Z,t,u) = ^ ^{lcs+rcs+lsb)(ruCK^mv ^^cmv^^k[_ 
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It follows from the above lemma the following 
Lemma 3.11. The following identities hold: 

4>k{a; X, y, t, u) = fk{a; x, y, xyt, uy"^), 
iPk{a;z,t,u) = gk{az^~^] l/z,t,u/z). 



(3.15) 
(3.16) 



Finally Theorem l2.3l follows immediately from Corollary ESI and Lemma Ull II Therefore 
in order to prove Theorem 12.31 it remains to prove Theorem 13.71 and Theorem 13.81 



3.3. Proof of Theorem 13.71 The matrix M„ can be defined recursively by 

Mn-l I Mn-1 



M„ 



where n > 1, 



n+l,n— 1 I " 



+1 



(3.17) 



(3.18) 



and M„_i is the n — 1 x (n + 1) matrix 



Mn-l 



O 



71-2, n+l 



with the n X (n + l) matrix 



(3.19) 



Here 6ij stands for the Kronecker delta and Om,n denotes the m x n zero matrix. For 
instance, we get 



Ml 



1 


—a 


-a 





1-a 


—a 








1 



and 



Mo 



1 


—a 


—a 














1 - a 


—a 


—ay{t + It) 


—ay{t + u) 











1 





—ax{t + u) 


—ax{t + u) 











l-a{x + y) 


-a{x + y) 

















1 — ax 


—ax 

















1 



Let 



Kr, = n — 1 



n{n + 3) 
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and let P„ = {Mn;n, 1), i.e the K„ x K„ matrix obtained from M„ by deleting the nth 
row and the first column. P„ can be defined as follows. 



Pn-l Pn-l 



n-l 



Pn-l 



Here P„_i is a K„_i x (n + 1) matrix, is a (ra + 1) x K„_i matrix, and P„_i is a 

(n + 1) X (n + 1) matrix. We shall compute detP„ by the following well-known formula 
for any block matrix with an invertible square matrix A, 



det 



(4 









det A -det [D-CA-^B). 



Since the entries of CA are also written by minors, we guess these entries and prove it 
by induction (see Theorem 13. 12p . Before we proceed to the proof, we give some examples. 



Pi 



1 — a —a 



and 



—a —a 













1 — a —a 


-ay{t + 


u) 


~ay[t + u) 





1 







—ax{t + It) 


—ax{t + u) 





1 — a{x 4 


y) 


-a{x + y) 













1 — ax 


—ax 



J 

Thus, looking at P2 as the block matrix composed of Pi, Xi, Pi and Pi, we have 

00 



and 



Pi 



( 



Pi 



-ay{t + u) —ay(t + u) 



-ax{t + u) —ax{t + u) \ 



1 — a{x + y) —a{x + y) 
\ 1 - ax 

Since P„ is an K„ x (n + 2) matrix, we can write 

0K„_i,n+2 



Pr 



where Un is the {n + 1) x [n + 2) matrix composed of the last (n + 1) rows of P„. For 
1 < < n + 2, let 

. Pn-l I Pn-l 

pk 

Xn-1 I -Pn-l 
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denote the K„ x Kn matrix obtained from Pn by replacing the right-most column with 
the kth column of P„. Here is the (n + 1) x (n + 1) matrix obtained from Pn-i by 
replacing the right-most column with the kth column of Un- For example, 



—a —a 











1 — a —a 


—ay{t + u) 


~ay{t + u) 





1 





—ax(t + u) 








l~a{x + y) 


-a[x + y) 


~ay'^{t^ +tu + t^) 








I — ax 


-axy(t^ +tu + t^) 



Here our key result is as follows: 

Theorem 3.12. Let n > 1 be a positive integer. Then we have 
detPn 



n— 1 



and 



det P„_i 
det p!: 



{-ir-'ax^''[n]t,ull{l-ax'[. 



n — I 



det P. 



for 1 < k < n, 



detPn 
and detP^+2 ^ g. 

We need the following: 
Lemma 3.13. For < m < n, 



(fc-l)(fc-2) n(n-l) (n + l-fc)(ra+2-fc) 



ay[n + l\t,u [n\x,y 



n + l 
k-1 



x,y 



(3.20) 
(3.21) 
(3.22) 



lit 



k=0 



Proof. Note that 



n 
Ik 



k-l 



nil 



ax [n - i\x^y 



m—l 



—ax \n — I 



i=0 



.2JtA 2 J 



m 

1=1 



(3.23) 



y 



kn—k^ 



x,y 



x/y 



Since ("2 ) + (2) + ~" = (2)' setting c = ay" ^ and q = x/y, we can rewrite ()3.23|) 
as follows: 

m p -1 fc— 1 m—l 

fc=0 -I 9 i=0 i=k 



1 i=0 

n 
m 



(3.24) 



q i=l 
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Setting 



X = 1 



cq" 



Y 



cq 



1 — q 1 — g + eg" ^ ~ Q 

then 1 — cq^[n — i]q = X{1 — Yq'^) and —cq^[n — i]q = Z(l — g*~"). Hence, in flH.24j) making 
the following substitutions: 



fc-i 



l[{l-cq'[n-z]q}=X\Y-q)k, 

i=0 
m 

l[{l-cq'[n-t]q}=X"^{Yq-qU, 

i=l 
m—l 



i=k 



f n-m+1. \ 
-mn\H 1 H)m 



and writing the g-binomial coefficients as 



r_1 \k kn-k{k-l)/2 

[q; q)k 



;-i)™g 



m „mn—m 



(m-i)/2 jq "i q) 
{q;q) 



m 
m 



we see, after simplifying, that identity (j3.24|) is equivalent to the special case Y = c/ {1 — 
q + cq"') of the identity: 

{y;q)k ym-k _ (^?; q)m 



k=0 



iq;q)k 



{q;q)r 



which can be easily verified by induction. 



□ 



Proof of Theorem 13.121 We proceed by induction on n. When n = 1, by a direct 
computation we obtain det Pi = a, det = det = o? y [2\t,u and det Pf = 0. This 
shows the theorem is true when n = 1. Let n be an integer > 2. Assume the theorem is 
true for n — 1. 



(i) We get 

det Pn = det 
and 

det = det 



Pn-l I Pn-1 



I Pn-1 
Pn— 1 I Pn— 1 



det Pn-l ■ det Pn-l - Xn-lP-\Pn-l 



det Pn-l ■ det P^i - Xn-iP-l^Pn-i 



(ii) By direct computation we can see that the (i,j)th entry of Xn-iPn-iPn-i (1 < 
3 ^ n + 1) is equal to 



, . p if 2 = 1, 

detP„_i ' 

otherwise. 
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By the induction hypothesis, the (1, j)th entry of X„_iP„_^^P„_i equals 



J-1 



if 1 < j < n - 1, 



ay[n- l]x,y [n]t,u 




x,y 



if j = n, 
if j = n + 1. 



(3.25) 



(iii) Put Wti = Pti-Xn-iPn-iPn-i and = P„„i - X„_iP-_\P„_i . Then, by 

(i), we have ^^p}_^ = det and ^fi^ = det W^-i. By (nTTn]) and (pOHjl . we 
can see that the (1, j)th entry of W^_i is 



n 
J-1 



for 1 < j < "Ti, and the (1, n + l)th entry is (the top row does not depend on k). 
It is also easy to see that the (1, j)th entry of Wn-i is 



n 



for 1 < j < n + 1. 
(iv) We claim that 



n-l 



detW^„_i = (-ir-W"-i[r2]t,„ J](l-aa;*[n-^],J. 



2 = 1 



In fact, the (i, j)th entry of Wn-i is 



(n-j)(n-j + l) (j-l)(j-2) (n-l)(n-2) 

-ay 2 X 2 2 



1 -aX^-^[?2+ 1 -j]x,y 





if ? = 1 and 1 < j < n + 1, 

if i = J ' + 1 and 1 < j < n, 
if i = j and 2 < j < n + 1, 
otherwise. 



Thus, if we expand det Wn-i along the top row, then we obtain 



(n-l)(Ti-2) 

det Wn-i = —ax 2 n < „ 



If we use 



n+l 



i-2 



+ 0-1)0-2) 
2X2 



n 

J-1 



detiy„_i(l;j)- 



detW„_i(l;j) = n(l 



u=0 



ax \n — u 
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x,yj 



n-l 

IK 

u=j-l 



-ax [n - v\x,y}, 



then we obtain 



n+l 

(n-l)(n-2) . , (n-j)(n-3 + l) (j-l)(j-2) 



i-2 n-l 

1^=0 u=j — l 

n-l 



n 

J-1 



= i-ir''ax^-'[n]t,ul[{l - ax'[n - z^y) 

1=1 

by (j3.23p . Thus, by (i), we conclude that 

det R, ""^ 



— = det W„_i = (-l)"-iax"-i[n]t,, - ax'[n - t^^y). (3.26) 



detPn-i . 1 

1=1 



( v) We claim that 

'n + l 
k-1 



det det (fc-l)(fc-2) n(n-l) (n + l-fc)(n + 2-fc) 

detP„ detiy„_i ^.^ 

for 1 < k < n. Because the rightmost column of P^_i is the fcth column of Un, we 
have the (z, n + l)th entry of P^_i is 

-a?/"[n + ifi = 2, 

otherwise, 



when k = 1, 



-ay"-'^'^~^x^^'^[n + if 2 = A; 

-ay"+^"^x''~^[n + l]t,„ if i = A; + 1 
otherwise 



5 

L 1 ^ 



when 2 < k < n, 



-ayx"' ^[n + l]tM if 2 = n + 1, 
otherwise. 



when k = n + 1, and all zero when k = n + 2. By the induction hypothesis, the 

(1, n + l)th entry of X„_iP„"_\P„_i is ^^ot^ = 0- Thus the (ra + l)th column of 

= P^_i - X„_iP^_\P„_i equals the {n + l)th column of P^_i. 
(a) When A; = 1, we expand det W^_i along the (n + l)th column, then, by direct 
computation, we obtain 

det W^_, = {-l)-+\-ay-[n + det iy„_i(2; n + l) 

By expanding det W^_i{2; n + l) along the top row we obtain 

n-l 

/ n(n-l) (n-l)(n-2) \ -p-|- 

detiy„_i(2;n + 1) = ( -ay 2 ^ 2 [^]^^^ j I 1 (1 _ _ ^y] 



i/=i 
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Thus we conclude that 

1 1 n n(n + l) (n — l)(n — 2) 



n—l 

+ ^t,u - - ^]-^y)- (3-27) 

v=l 



By fl3.26|) . this imphes 



det -j^ n(n + l) n{n — l) 

—— — = ay^^x —[n + 1 
det Wn-i 

which is the desired identity, 
(b) When 2 < k < n, we expand detW^_i along the (n + l)th column, then we 
obtain 

detW!:_, = (-l)'=+'^+^(-ay"+2-V-2[n + det + 

^ (_l)fc+n+2(_^^„+i-fc^fc-i[^ ^ + 1; n + 1). (3.28) 

By expanding along the top row, we obtain 

k-l 

1 , TT^ /T -,X (n-l)(n-2) . , (n-j)(n-j + l) (j-l)(j-2) 

det PKi-Uk; ^ + 1) = -aa; 2 [njt_„ 2^(-l)-^^ ?/ 2 a; 2 

i=i 

n 



J-1 



det fc; j,n + 1), 



(n-l)(n-2) + (j-l)(j-2) 



detiy„_i(A; + + 1) = -ax 2 [n]t,u 2_^{-iy^ y ^ x ^ 



n 
J-1 



detiy„_i(l,fc + l;j,n + l). 



where Wn-i{l, k; j,n + l) = W„_i(fc; n + l)(l; j) and iy„_i(l, + j> + l) 
Wn-i{k + l;n + l){l;j). If we use 



'—ax'^ln — v\ 



i-2 

det /c;j,n + 1) = ]^(1 - a2;''[ra - J]^ ^-^^.^ ["'-•'\x,y) 

u=0 u=j—l 
u=k~l 

i-2 k-2 

detVr„_i(l, A;+ l;j,n + 1) = - ax^[n - z/]^.,y) JJ (-ax^'fn - z/j^^j^) 

1^=0 u=j — l 

n-1 

X - ax^ln - u]^^y), 

v=k 
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then, by ()3.23|) . we obtain 



det Wn-i{k; n + 1) = {-l)^-^ax"-^ 



(fc-2)(fc-3) (n-l)(n-2) (n-fc + 2) (n- fc + 1) 



y 



n 
k-2 



n-l 



det Wn-i{k + 1; n + 1) = (-l)'=ax"— ^ 



- ax^ln - v]x,y), 

x<y u=i 

(fc-l)(fc-2) (n-l)(ra-2) (n- fc) (n- + 
2 y 2 

n-l 



n 
k-1 



Thus, from ()3.28|) . we conclude that 



detiy„^_i =(-l)"-^a2x- 



(n-l)(n-2) ^ (fc-l)(fc-2) + 1 - fc) (n + 2-fc) 



X y 



n-k+2 



n 
k-2 



n-l 



..k-1 



X 



n 

k-1 



nil 



ax n — u 



x,yj 



x,y/ u=i 



-, „ (n-l)(n-2) (fc-l)(fc-2) (n + l-fc) (n + 2- fc) 

(-1)" ^a^x 2 + 2 y 2 



Using ()3.26|) . we obtain 

det Wt, 
det Wn-i 



n + 1 
A;- 1 



n-l 



]^(1 - ax^ln - v\x,y)- 



x,y u=i 



n(n-l) (fc-l)(fc-2) (n + l-fc)(n + 2-fc) 
ax 2 + 2 y 2 [n + 



n+ 1 
k-1 



^,y 



which is the desired identity. 

(c) When = n + 1, we also expand det PV^„i along the (n + l)th column and 
repeat the same argument. It is not hard to obtain 

det 

uei vv^_^ 

- — — = ayln + l\tu\n\xv 

detl^„_i ^ '^ ^ 

The details are left to the reader. 

(d) When k = n + 2, det -P^_i vanishes since all the entries of the last column of 

det Pn_i are zero. 

This proves the theorem is true for n. By induction we conclude that the theorem is true 
for all n > 1. This completes the proof. □ 



Since det (Pi) = a. Theorem 13 . 71 (j3 . 1 1 p follows easily from (|3.2(J|) . 



□ 



3.4. Proof of Theorem 13. 8L Let F = {-FnjJ^i be a sequence of non-zero functions in 
finitely many variables f i, f 2, . . . . We use the convention that FJ. = YYk=i and 



otherwise. 
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We prove Theorem 13 . 81 ()3 . 1 2|) by considering the following matrix Nn{x,a), which gener- 
alize the matrix Nn (set x = 1 and Fn = [n]t,u to obtain Nn)- Let Nn{x, a) be the matrix 
defined inductively as follows: 



and 



NJx,a) 



No{x, a) = (x) 
Nn-i{x,a) I Nn-i{x,a) 



O , -, Nn^iix, a) 

where Nn-i{x, a) is the {n + 1) x [n + 1) matrix defined by 

Nn-i{x, a) = ( x5ij - aq'~^[n + 1 - i]g{5ij + 5i+ij)) ^^. .^^^^ 

and Nn~i{x, a) is the n — 1 x [n + 1) matrix 



with the n X [n + 1) matrix 

Nn-l = {-aFn ■ {5ij + <5i+l,j))i<i<„^i<j<„+i 

For instance, we get 



N2{x, a) 





X 


-aFi 













\ 







X ~ a 


—a 


-aF2 

















X 





-aF2 


-aF2 















X - a(l + q) 


-a(l + q) 





















X — aq 


—aq 




\ 

















X 


J 



(3.29) 



(3.30) 



(3.31) 



Let Nn{x,a) denote the matrix obtained from Nn{x,a) by deleting the nth row and 
the first column. Then the following theorem is sufficient to prove our result. Here our 
strategy is as follows. We regard detA^„(x,a) as a polynomial in x and find all linear 
factors. Finally we check the leading coefficient in the both sides. 



Theorem 3.14. We have 



i(n-l) 



n—1 n—m 



det A^„(x,a) = (-l)"^a"F„!x" JJ JJ [x - aq^-^[m]q) . 

m=l k=l 

Then by setting x = 1 and F„, = [n]t^u we obtain Theorem 13 . 81 ()3 . 1 2j] . 
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(3.32) 



For instance, we have 



and 



det Ni{x, a) — det 



X — a —a 



det N2{x, a) — det 









V 



aFix 



X — a —a 



( —aFi —aFn 
-aF2 


x-a{l + q) 




X 





-aF2 
-aF2 
-a{l + q) 
X — aq 



\ 


-aF2 



—aq 
I 



— —a^ F1F2 x'^{x — a). 



Fix positive integers m and k. Define the row vectors a) of degree n as foUows: 

For 1 < i < n + 1 and I < j <i, the ^^^^^ + J^th entry of a) is equal to 



X. 



m,k 



{m+k-l){i-m-k)+(^-'') -^i-m-fe! 


i-1 




m 


[i — m — k]q\ 


jn + k — 1_ 


F 


J - k. 



(3.33) 



Here we use the convention that F„! — [n]q\ — 1 if n < 0. For example, if n = 3, 
m — k — 1, then 



X^^\x, a) = ( 0, 1, 1, 0, 0, ) . 

q q q^[2]g\ q^[2]g\ 



Lemma 3.15. Let n be a positive integer. Let m and k be positive integers such that 
1 < m < n — 1 and 1 < k < n — m. Then we have 



X-''=(x, a) N^{x, a)^{x- aq'-'[m]q) X-''=(x, a). 
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(3.34) 



Before we proceed to the proof of the lemma, we see it in an example. If n = 2 and 
m = k = 1, then we have 



0,1,1, ^,0 



3 



( 















\ 





X — a 


—a 


~aF2 


-aF2 













X 





-aF2 


-aF2 













X ~ a{l + q) 


-a{l + q) 



















X — aq 


—aq 




V 














X 


/ 


(x — 




F2, 

— [x 

q 











Proof of Lemma I3.15L We proceed by induction on n. When n = or n = 1, our claim 
is easy to check by direct computation. Assume (j3.34|) is true upto n — 1. Then the first 

n — 1 entries of X^'^{x,a)Nn{x,a) agree with those of (x — q^'^[m]q)X^'^{x, a) by the 
induction hypothesis. So we have to check the last n + 1 entries. In fact we verify the 
following three cases. 

(i) If i = n + 1 and j = 1, then the + ijth entry of a)Ar„(x, a) is 

equal to 

{-aFn)Xl!^f + {x- a[n]q)Xl^_l'l^^. 

Note that the coefficient [j^™;.]^ becomes zero unless k 
computation, one can easily check that this sum equals 

^ j^yra+m+A;+l^^-(r?i+A;-l)(n— m-A;+l)+("'" 2'') 

n+l—m—k' 



1. Thus, by direct 



X 



[n + 1 — m — k\q\ 



n 




m 


m + k — 1 


F 


_l-k_ 



[x — a[m + k — 1 



(ii) If i = n + 1 and 2 < j < n, then the ^Ilil^tll -|- j jth entry of X^^'^^x, a)Nn{x, a) is 
equal to 



i-^Fn)X-'^, + {~aF^)XZf 

+ {-aq^-'[n - j + 2],) X-^,^^_, + [x - aq^-'[n - j + 1],) X^^,^.. 
By direct computation, one can easily check this equals 

Fn+l—m—k • 



rm,k 



X 



[n + 1 — m — k]q\ 



n 




m 


m + k — 1 


F 


J - ^. 



[x — aq^ ^[^qj ■ 



(iii) If i = j = n + 1, then the ("■+^K'^+^) j^)^ entry of X™''^(x, a)Nn{x, a) is equal to 
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One can easily check this is always equal to zero. 
Thus this completes the proof of our lemma. □ 

Corollary 3.16. Let n be a positive integer. Then there exists a polynomial (p{x) such 
that 

n—l n—m 

det iV„(x, a) = (p{x) H 11 ~ aq''-^[m]g) . 

m=l k=l 

Proof. Let X^'^{x, a) (resp. X^'^{x, a)) denote the vector of degree n — l obtained from 
X^'''{x,a) by deleting the last (resp. first) entry. Then, by ()3.34p . we obtain 

X^''=(x,a)iV„(x,a) = {x - aq''-^[m]g) X^''=(x,a). 

By substituting x = g'^~^[m] into this identity we obtain 

Since a) is a non-zero vector when 1 < m < n — 1 and 1 < k < n — m, 

A^„(ag^~^[m]g, a) is singular, which means det Nn{aq^~^[m\g,a) = 0. Thus we conclude 
that det A^„(x,a) is divisible by x — aq''~^[m]q, which immediately implies our corollary. 
□ 

Proposition 3.17. Let n be a positive integer. Then there exists a polynomial ip{x) such 
that 

n—l n—m 

det Nn{x, a) = ip{x) Y\. Y\. ~ aq'''^[m]g) . 

m=l k=l 

Proof. By Corollarv 13.161 we only need to show that det A^n(a^, Q.) is divisible by x"'. 
We show this by the following column transformations on Nn{x,a). First note that 
Nn{x,a) has n — l columns. For each i = 1,. . . ,n, let Colj denote the set of columns 
j _ !(!±i)^ _|_ . . . ^ (i+i)it+2) _ perform the following column transformations 

in each block Colj. For each i, we subtract the '^^^"^H h column from the ^^^^y^ + ijth 

column, then subtract the ^^^^y^ + ijth column from the ^^^^^ + 2^th column, and so 

on, until we subtract the | ll±lHl±Hl — 2 )th column from the | iitiKitHl — 1 jth column. 



Then each entry of the y _ l jth column becomes ±x. For example, if we perform 

this operation to A^3(x, a) which looks like 





-aFi 


-aFi 



























X — a 


—a 


-aF2 


-aF2 






















X 





-aF2 


























X — a[2]g 


-a[2]g 





-aFs 


-aFs 





















X — aq 


—aq 




























X 








-aFa 


-aFa 





















X — a[3]g 


-a[3]g 






























X - aq[2]g 


-aq[2\g 
X — aq^ 







v 























—aq^ 


J 
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then we obtain 



/ 


-aFi 


























\ 




X — a 


—X 


-aF2 

























X 





-aF2 



























X — a[2]q 


—X 


X 


























X — aq 


—X 





























X 
































X — a[3]q 


—X 


X 


—X 
























X - aq[2]g 


— X 


X 




v 























X — aq^ 


—X 


/ 



This is always true. One can easily check the last column of each block becomes ±x 
after these elementary transformations using the definition of Nn-i{x,a) and Nn~i{x,a) 
in ()3.30|) and ()3.31|) . Thus, by taking the determinant of Nn{x,a), we can factor out x 



from each block Colj 
□ 



1,2, 



, n, and we conclude that det Nn{x, a) is divisible by x^' 



Now we are in position to complete the proof of Theorem 13. 141 

Proof of Theorem 13.141 To complete the proof of Theorem 13.141 we need to show that 
the degree of detiV'„(x, a) is as a polynomial in x, and the leading coefficient of 

det Nn{x, a) is equal to (— 1) '2 'a"F„!. Let K„ = n — 1 which is the degree of the matrix 
Nn{.x,a). Let hij denote the (z,j)th entry of Nn{.x,a). By the definition of determinants 
we have 

^ Sgn TT 6^(l)l6^(2)2 ■ ■ ■ i7r(K„)K„. 



det Nn{x, a 
We use the two-line notation 



TT 



1 

Trfll 



2 

n(2) 



7r(K, 



to express a permutation vr of letters [K„]. For each j, if 7r(j) = j + 1, then the entry 67r(j)j 



is of degree 1 as a polynomial in x, and otherwise it is a constant. Thus det A'"„(x, a) 
apparently of at most K„ — 1 = ("+^K"-+^) 
N3{x,a) looks as follows. 



IS 



2 deg polynomial in x. For example 



-aFi 


-aFi 























X — a 


—a 


-aF2 


-aF2 




















X 





-aF2 


-aF2 




















X — a,[2]g 


-a[2]. 





-aFs 


-aFs 

















X — aq 


—aq 
























X 










-aFi 



























X — o[3]g 





-a[3]g 
a: - aq^\q 





-aq[2\q 
X — 





-aq^ 



Our first claim is that det iV'„(a;, a) is a polynomial of degree liil^tii. Let Colj, i = 
1,2, ... ,n, be as in the previous proof. Note that Colj includes i + 1 columns. We 
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claim that 7i{j) = j + 1 can happen at most i column indices j in each block Colj. Oth- 
erwise 6,r(i)i&7r(2)2 " " " K{K„)Kn vanishcs. In fact, assume that 7r(j) = j + 1 for all j in a 
certain block Colj. Then this must be the case for the block Colj+i. There is no other 
choice if we assume &7r(i)i^7r{2)2 ■ ■ ■&7r(K„)K„ is nonzero. And this must be also the case for 
the block Colj+2, and so on. Finally we have to take 7i{j) = j + 1 for all j in the block 
Coin, but this is impossible. Thus we reach a contradiction. We conclude that the degree 
of det iV„(x, a) is at most "'•"^"^^^ . In fact there is a permutation which realize this degree, 
i.e. 





2 


3 


4 


5 




K.-i + 1 


Kn-l + 2 . 






1 


4 


5 


3 




K„„i + 2 


K„_i + 3 . 


. K„ Kn-l + 1 



It is easy to see that this vr is the only permutation with which 6,r(i)i&7r(2)2 ■ ■ ■ K{k„)k„ 
does not vanish and of degree liil^ti). Thus we conclude that the leading coefficient of 
det iV„(a;, a) equals 

sguTT • (-l)"a'^F„!. 

This immediately implies the resulting identity ()3.32|) . □ 

Remark 3.18. One may notice that in ()3.17|) and Nn in ()3.29|) are in a similar form, 
hut our methods to evaluate them are far from parallel. It seems that the first method does 
not work with the matrix Nn since we can't guess the entries ofCA~^N as we did in ()3.21|) . 
Meanwhile, the second method does not work with the matrix Mn at this point since even 
if we generalize M„ to Mn{x,a), we don't know the general form of the eigenvectors of 
Mn{x,a). The reader can find the general guidance about matrix evaluation in [J]- We 
may say that the second proof follows this general philosophy. 
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